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a b s t r a c t

Considering nucleation, growth and impingement, a numerical model was proposed to describe the
transformation kinetics of rapid solidification in bulk undercooled Fe–B hypereutectic alloy. Applying
heat balance and solute conservation, the changes of temperature and composition of residual liquid
are proved to be not only dependent of time, but also associated with the solidified fraction during the
ccepted 23 November 2010
vailable online 1 December 2010
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transformation. Accordingly, the driving force for non-equilibrium solidification, as well as the deter-
mined nucleation and growth rates, decreases with the process of transformation. On this basis, the
primary grain size distribution formed in this process can be predicted with the combination of classical
Kolmogorov–Johnson–Mehl–Avrami (KJMA) equation and a probability statistic analysis. Good agree-
ment between the model prediction and experimental results has shown the validity of the proposed
hase transitions
icrostructure

model.

. Introduction

Solidification, the transformation of liquid to solid, occurs as
he first step in the fabrication of many metallic materials and
lays a fundamental role in the development of microstructure and
echanical properties of final products [1,2]. With non-equilibrium

ffect, it is possible to produce supersaturated solid solution,
morphous, quasicrystal or nano-crystalline structure, which is
nobtainable by using equilibrium solidification methods [3,4]. So,

t is important to know the relations between the processing con-
ition and specific transformation information so as to produce the
icrostructure giving desired properties.
Generally speaking, the non-equilibrium solidification of alloy

elts can be performed by rapid quenching [5] and bulk undercool-
ng techniques [6]. The former is realized by enhancing the cooling
ate (˚) and the latter by increasing the initial melt undercool-
ng (�T) prior to solidification. Compared with the solidification
y rapid heat transfer from melt to environment, the undercooling
pproach, obtained thermodynamically by suppressing the onset of
ucleation upon natural cooling, is advantageous for in situ agnos-

ics, so as to understand the physical mechanism of such rapid
ransformation.

During the past decades, a great deal of achievements have
een made in the field of rapid solidification of undercooled liquid,
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E-mail address: liufeng@nwpu.edu.cn (F. Liu).

925-8388/$ – see front matter © 2010 Elsevier B.V. All rights reserved.
oi:10.1016/j.jallcom.2010.11.152
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such as the pioneering work on nucleation performed by Turnbull
and coworkers [7,8] and Perepezko and coworkers [9,10], the den-
drite growth model developed by Kurz and coworkers [11–13] and
the prediction of glass forming ability by Johnson and coworkers
[14,15]. However, the theoretical description of primary crys-
tallization kinetics and microstructure formation in undercooled
liquid has not been developed to a satisfactory level in comparison
with the progresses made for crystallization of amorphous alloys
[16–18].

Actually, both the solidification of undercooled liquid and the
crystallization of amorphous alloys belong to first-order phase
transformation, which consists of nucleation, growth and impinge-
ment [19]. However, the amount of latent heat released in
amorphous crystallization is so slight that its influence on sub-
sequent transformation can be ignored, which gives the rational
basis for the treatment of isothermal or isochronal crystalliza-
tion. As for solidification of deeply undercooled melts, the prompt
release of latent heat from transformed solid increases drastically
the melt temperature. In such a case, a new freedom is introduced,
so the whole transformation kinetics is not only associated with the
elapsed time, but also dependent on the transformed solid fraction.

In dealing with the rapid solidification of bulk undercooled
melts, it is generally accepted that two regimes occur, i.e., rapid

solidification accompanying recalescence and the subsequent
near-equilibrium solidification controlled solely by external heat
extraction to the environment. Thermodynamically, the main
factor that governs the transformation far from equilibrium is
the driving force for nucleation and growth, which decreases

dx.doi.org/10.1016/j.jallcom.2010.11.152
http://www.sciencedirect.com/science/journal/09258388
http://www.elsevier.com/locate/jallcom
mailto:liufeng@nwpu.edu.cn
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s transformation proceeds until the establishment of a new
quilibrium state between the as-formed solid and residual liquid.
ith reference to our previous work [20–22], the decreases of

ucleation and growth rates of primary phase are associated with
he variation of composition and temperature of residual liquid.
pplying the proposed model to solid solution and hypereutectic
lloys, excellent agreement is achieved between the predicted
aximum recalescence temperature and experimental results.
In the present work, quantitative calculations of nucleation and

rowth rates are performed. On this basis, the previous model
22] was further developed to describe the primary transforma-
ion kinetics of bulk undercooled liquid, where the significant effect
f released solidification latent on subsequent transformation is
onsidered properly. Moreover, the grain size distribution in the
rimary solidification, subjected to the effects of nucleation and
rowth, is presented.

. Mathematical modeling

As indicated earlier, phase transformation occurs by means of
ucleation and growth. Hence, the total transformation kinetics is
etermined by the nucleation frequency and the growth rate, which
re both dependent of the driving force between the residual liquid
nd the as-formed solid.

.1. Kinetic transformation model

.1.1. Nucleation
As the initial domain of solidification, nucleation controls to

large extent the initial structure, the size scale and the spatial
istribution of the product phase. On the basis of classical nucle-
tion theory, the atomic thermal fluctuation within a liquid leads
o the accidental formation of solid-like clusters (embryos). In such
case, interface develops between the old and the new phases,
hereas the production of new phase releases the chemical Gibbs

nergy and the creation of the interface costs Gibbs energy. The
teady-state homogeneous nucleation frequency can be expressed
s [7,8]:

hom = NVkT

3�a3
0�

exp
(

−�G∗

kT

)
(1)

here a0 is the typical interatomic spacing, k the Boltzmann con-
tant, NV the number of atoms per unit volume, � the viscosity
f undercooled liquid, and �G* the activation energy barrier for
ucleation, which can be expressed as:

G∗ = 16��3

3�G2
V

(2)

here �GV = �Gm/Vm is the change of Gibbs free energy per
nit volume with Vm as the molar volume, � the temperature-
ependent solid/liquid interface energy, which can be expressed
y using the “diffuse interface” approach [23]:

(T) =
[

0.48 + 0.52
(

T

Tm

)]
�(Tm) (3)

here �(Tm) is the interfacial energy at the melting point. To esti-
ate this value, the negentropic model proposed by Spaepen [24]

s widely used:

= �
�Sf

N1/3V2/3
T (4)
A m

here � is the structure factor of solid nucleus and �Sf the entropy
f fusion.

In practice, alloy melts usually contain impurities, substrates
nd short-range-order (SRO) structures (such as icosahedral clus-
mpounds 509 (2011) 2903–2908

ter), which may act as the heterogeneous nucleation sites.
Accordingly, the heterogeneous nucleation rate can be given as
[7,8]:

Ihet = N1kT

3�a3
0�

exp
[
−�G∗

kT
f (�)

]
(5)

where N1 represents the fraction of atoms acting as origin for
heterogeneous nucleus. f(�) is the catalytic potency factor for het-
erogeneous nucleation, which depends on the wetting angle �.

2.1.2. Growth
Most of the rapid solidification processes are believed to take

place in the continuous growth regime with a diffuse interface. In
such a case, the crystal growth rate can be expressed using the
Turnbull’s approximation [19]:

u(T) = fD

a0

[
1 − exp

(
−�G

RT

)]
(6)

in which f is the fraction of sites at the interface where atoms may
preferentially be added or removed, and equals 0.2(Tm − T)/Tm for
complex structure with Tm as the liquidus temperature. D is the
diffusion coefficient, which is related to liquid viscosity � by the
Stokes–Einstein expression:

D = kT

3�a0�
(7)

The viscosity � of metallic liquid is approximately expressed by
the Vogel–Fulscher–Tammann equation [19]:

� = A exp
(

B

T − C

)
(8)

where A, B and C are constants typically determined by experimen-
tal measurement.

2.1.3. Impingement
Upon nucleation and growth, the volume fraction trans-

formed at a given time is well described by the classical
Kolmogorov–Johnson–Mehl–Avrami theory [25,26], which relates
the actual transformed fraction with the extended transformed
fraction by the following expression:

f = 1 − exp(−fext) (9)

where fext is the extended transformation fraction that the growing
grains would occupy without impingement. Analogous to previous
treatment [27], it can be expressed as:

fext(t) = 4�

3

∫ t

0

I(T, �)[u(T, �)]3 d� (10)

2.1.4. Driving force of transformation
The thermodynamic driving force for nucleation and growth

can be obtained by CALPHAD method. For binary system, it can
be solved by the following form [28]:

�G(cs, cl, T) = XB[	B
L (cl, T) − 	B

s (cs, T)]

+ XA[	A
L (cl, T) − 	A

s (cs, T)] (11)

where 	A
L and 	B

L , 	A
S and 	B

S are the chemical potentials of com-
ponent A and B in liquid and solid separately.
Upon solidification, the undercooled melt may itself act as a heat
sink to cause a very high solidification rate which in turn increases
the residual liquid temperature. For cooling an isothermal melt
undergoing a solidification process, the thermal behavior can be
described by a simple Newtonian formulation, which considers the
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eat capacity, the release of latent heat and the heat transfer to the
nvironment together [29]:

∂T

∂t
= − Q

�c
+ �H

�c

∂f

∂t
(12)

here �H the solidification latent heat, Q (=�c˚) the heat extrac-
ion rate due to radiation and convection with �c as the volume
eat capacity.

According to previous studies [27,29], it is reasonable to assume
n adiabatic recalescence to minimize the computational require-
ent, and then Eq. (12) can be rewritten as:

∂T

∂t
= �H

�c

∂f

∂t
(13)

The above equation can be further expressed in a discrete form
23]:

i+1 − Ti = �H

�c
(fi+1 − fi) (14)

here fi and fi+1 are the solidified fraction corresponding to the
elt temperature at Ti and Ti+1.
With the process of transformation, more and more solute

toms are rejected into residual liquid owing to L/S solute con-
entration difference. Assuming no back-diffusion in the solid and
omplete mixing within the residual liquid, the evolution of liquid
oncentration can be expressed according to the solute conserva-
ion principle [22]:

i =
c0 −

∑i
j=1csj�fj(

1 −
∑i

j=1�fj

) (15)

here c0 is the initial liquid concentration, �fj the calculated solid
raction during the jth step and csj the corresponding solid concen-
ration.

Particularly for primarily formed intermetallic phase, csj (hold-
ng constant) can be determined directly. Then Eq. (15) can be
implified as:

l = c0 − csf

1 − f
(16)

here cs is the stoichiometry of the as-formed intermetallic phase.

.2. Distribution of primary grain size

Using the above equations, the time dependence of the volume
raction of new phase can be described well during the transfor-

ation. However, the primary grain size, as well as its distribution,
s not included, although these microstructure characteristics are
lso related to the nucleation and growth protocols. In order to solve
his problem, the PKJMA mean field statistical model proposed by
respo et al. [17,18] was herein employed.

Assuming a typical length d, the variable time scale �(t) can be
etermined by the current growth rate, which can be written as:

t+�(t)

t

u(T, t′) dt′ = d (17)

According to PKJMA model, each grain belonging to the
xtended populations grows as if it were completely isolated with-
ut considering impingement between each other. In such a case,

he extended grain size distribution can be written as

∗(1, i + 1) = N(�i+1) (18)

∗(j + 1, i + 1) = N∗(j, i) (19)
mpounds 509 (2011) 2903–2908 2905

where N*(j, i) is the extended grain number of length j at time i. It
should be mentioned that the grain group with length j will com-
pletely transform to next group with length j + 1 after free growth
in one time step. N(�i+1) =

∫ �i+1
0

I(T, ti+1) d� is the newly formed
grain during this stage and the total time can be expressed as:

ti+1 =
i+1∑
p=1

�p.

Because the growth of actual particle may be stopped due to
impingement with the neighboring ones, some grains of each pop-
ulation will grow at a reduced rate. Therefore, only a fraction ˛, but
not all, of each population can reach the next volume:

N(1, i + 1) = N(�i+1) + N(1, i)[1 − ˛(i)] (20)

N(j + 1, i + 1) = N(j, i)˛(i) + N(j + 1, i)[1 − ˛(i)] (21)

where N (j, i) is the actual grain number of length j at time i.
The probability factor ˛ can be achieved by adopting KJMA

equation using an iterative method, which relates the actual trans-
formation fraction with the extended transformation fraction from
Eq. (9), where the two terms can be given as:

f i+1
ext =

i+1∑
j=1

4�

3
j3N∗(j, i + 1) (22)

f i+1(˛) =
i+1∑
j=1

4�

3
j3N(j, i + 1) (23)

3. Results and discussion

While the mathematical formulation and the solution method-
ology developed are suitable for both solid solution and
intermetallic, a hypereutectic Fe–B alloy is herein used as an exam-
ple. According to the previous studies and published phase diagram
[22,30,31], intermetallic Fe2B forms primarily during the rapid
solidification of this alloy. Note that the defined stoichiometry of
this phase gives a more accurate illustration for the above relation-
ships.

Rapid solidification of bulk undercooled Fe78B22 alloy melt was
performed by melt fluxing method. The experimental apparatus
consists of a high frequency induction heating facility, an infrared
pyrometer and a signal recorder [21–23]. The heating and cool-
ing curves of the melts were measured by the infrared pyrometer,
which was calibrated with a standard PtRh30-/PtRh6 thermocou-
ple, and possesses a relative accuracy of 3 K, and a response time
less than 5 ms. At the end of recalescence, samples were rapidly
quenched into a Ga–In–Sn bath in order to keep the as-formed
microstructure in non-equilibrium solidification. After experiment,
the solidified samples were sectioned longitudinally and processed
according to standard metallographic procedure. The as-quenched
microstructures were examined using scanning electron micro-
scope and the grain size was determined by the linear intercept
method. The optimized thermodynamic data for this alloy system
[30] was adopted and the basic physical parameters for Fe78B22
alloy are given in Table 1 [30,31].

3.1. Non-equilibrium solidification kinetics of Fe78B22 alloy

Incorporating Eqs. (1), (5), (6), (9), (14) and (16), the tempo-

ral evolution of melt temperature for the samples undercooled by
170 K and 251 K, is shown in Fig. 1. Obviously, the time-temperature
profile presents “S” type and the entire time interval for rapid
solidification is shortened with increasing undercooling. Moreover,
the maximum recalescence temperature reduced from 1225 ◦C to
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Table 1
Physical parameters for the Fe78B22 alloy used in the model calculations [30,31].

Parameter Unit Value

Heat of solidification �Hf J/mol 28,035
Specific heat CP J/mol K 50
Gas constant Rg J/mol K 8.31451
Equilibrium liquidus

temperature
Tm K 1561

Interatomic spacing a0 nm 1.03
Liquid viscosity � N/m2 3.756 × 10−3 × exp(2480/(T − 722))
Catalytic factor f(�) – 0.18
Structure factor � – 0.44
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ig. 1. Variation of liquid temperature as a function of transformation time for
e78B22 alloy undercooled by 170 K and 251 K, respectively.

194 ◦C with the increase of initial undercooling. Considering the
aximum recalescence temperature and the whole transformation

urves, it is evident from these plots that the agreement between
heory prediction and experimental measurements is excellent.

To give a better understanding of this transformation, Fig. 2
resents the variation of transformation driving force as a function
f undercooling. It can be seen that the driving force is continuously
ncreased with the increase of undercooling. As a consequence, the
orresponding nucleation and growth rates for larger driving force
re enhanced, which will accelerate the transformation process and

horten the whole transformation time.

Corresponding to Fig. 1, the transformation rate df/dt is pre-
ented in Fig. 3, where both curves experience a first increase and
hen a decrease after reaching its peak maximum, i.e., a typical fea-

ig. 2. Variation of liquid/solid transformation driving force as a function of under-
ooling for Fe78B22 alloy.
Fig. 3. Variation of solid transformation rate as a function of time during the rapid
solidification of Fe78B22 alloy at different undercoolings.

ture of transformation composed of nucleation and growth. As is
predicted, the transformation rate for larger undercooling is faster
than that for smaller undercooling.

In early stage, the growth rate is fast, as can be determined by
the larger driving force. However, the actual nucleation number
at this time is small, which generates the slower transforma-
tion speed. Accompanying the effective increase of grain number,
the transformation gradually gathers speed. With the process
of transformation, the impingement phenomenon is becoming
more severe. Moreover, the melt temperature elevates rapidly. As
inferred from the foregoing analysis, it will cause the decrease of the
transformation driving force, as well as the nucleation and growth
rates. Consequently, the actual transformation speed starts to drop
gradually. This point is more clearly illustrated in Fig. 4, which gives
the changes of nucleation and growth rate with the increase of
melts temperature for sample undercooled by 170 K. One can see
that, both the nucleation and growth rates drop with the process
of transformation. Compared with the favorable atomic diffusion
ability at high temperature, the decrease of driving force is more
dominant for this transformation process.

3.2. Grain size distribution in the primarily solidified Fe78B22 alloy
As-quenched morphologies of the primarily solidified Fe78B22
alloy, subjected to the above two different undercoolings, i.e.,
�T = 170 K and 251 K, are shown in Fig. 5, where the quasi-sphere

Fig. 4. Nucleation rate and growth rate as functions of temperature during the
recalescence of Fe78B22 alloy undercooled by 170 K.
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Fig. 5. As-solidified primary microstructures of Fe78B22 alloy a
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ig. 6. Experimental and calculated grain size distribution for Fe78B22 alloy at dif-
erent undercoolings: (a) �T = 170 K; (b) �T = 251 K.

rains distribute randomly in the matrix. As can be seen clearly,
oth the volume fraction of primary phase and its grain size

ncreases with the enhanced �T.
Using Eqs. (20) and (21), the calculated grain size distributions in
he primarily solidified morphology, for the samples undercooled
y 170 K and 251 K, are illustrated in Fig. 6, separately, where
he experimental measurements from Fig. 5 are also compared.1

bviously, both curves show a similar Gauss distribution shape

1 It should be noted that the three-dimension space distribution from the theory
rediction must be transformed into the two-dimension plane distribution so as to
e compared with the experimental measurements [17,18].
t different undercoolings: (a) �T = 170 K; (b) �T = 251 K.

and some agreement can be obtained, especially for larger under-
cooling. With the increase of undercooling, the average grain size
is enhanced by a factor of two, which is the result of the afore-
mentioned nucleation and growth processes. As is well known,
solidification of a large continuous bulk liquid metal will likely be
catalyzed by the heterogeneous nucleation motes inside a melt or
the metal oxides at the melt surface and undercooled melts. In melt
fluxing experiment, these potential nucleation sites are eliminated
through the physical adsorption by molten glass and its chemi-
cal reaction with heterogeneities. As a result, less heterogeneous
nucleation sites exist for larger undercooling, which makes the
decrease of effective nucleation number. Moreover, the as-formed
grain grows faster for larger undercooling and the promote release
of latent heat inhibits the further nucleation process. The combi-
nation of less nucleation sites and larger growth rate leads to the
increase of grain size of primary phase. The observed discrepancy
for small undercooling, i.e., �T = 170 K, can mainly be attributed to
smaller transformation fraction in this condition, which generates
larger experimental uncertainty for measurement.

4. Conclusions

On the basis of quantitative calculation of nucleation and growth
protocols, a numerical model for describing the non-equilibrium
solidification kinetics for bulk undercooled Fe–B hypereutectic
alloy was established with the combination of the phenomeno-
logical macroscopic heat flow balance, mass conservation with the
microscopic solidification kinetics. Applying a method of probabil-
ity statistic analysis, the resultant grain size distribution of primary
grain can also be predicted and its evolution process has been
well explained. Good agreement between the model prediction and
experimental results was obtained, showing the validity of present
model. The transformation process experiences a first increase and
then decrease after reaching its peak point, showing a typical char-
acteristic of nucleation and growth phase transformation.
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